We analyze the dynamics of a system qudit of dimension µ sequentially interacting with the ν-dimensional qudits of a chain playing the role of an environment. Each pairwise collision has been modeled as a random unitary transformation. The relaxation to equilibrium of the purity of the system qudit, averaged over random collisions, is analytically computed by means of a Markov chain approach. In particular, we show that the steady state is the one corresponding to the steady state for random collisions with a single environment qudit of effective dimension νe = νµ. Finally, we numerically investigate aspects of the entanglement dynamics for qubits (µ = ν = 2) and show that random unitary collisions can create multipartite entanglement between the system qudit and the qudits of the chain.
I. INTRODUCTION
The repeated collision model is a simple yet instructive model of irreversible quantum dynamics. First introduced in [1] to analyze the process of thermalization and more generally of homogenization [2, 3, 4] in the limit of an environment with a large number of degrees of freedom, it has been further studied to elucidate various aspects of the irreversible dynamics of quantum systems in the presence of environments with few degrees of freedom [5, 6] . In most of the literature cited above the interaction between system and environment is due to pairwise elastic collisions modeled by partial swap operators. In the present paper we will instead model such collisions by random unitary operators [7, 8, 9, 10, 11, 12] . Such choice is due to several reasons. On the one hand, although an exact modelization of the system-environment interaction is difficult, a good description of the relaxation process can be obtained by a suitable average over random interactions. Some examples of such approach can be found in [13, 14] , where the irreversible dynamics of a single and a pair of qubits is analyzed in terms of a random interaction with an environment which is itself modeled as a random matrix and in [6] , where the average dynamics of a single qubit interacting with a very small reservoir is described again by random collisions. On the other hand random and pseudo-random states and their efficient generation by suitable sequences of random gates [15, 16, 17, 18, 19, 20, 21, 22, 23, 24] have received a considerable attention due to possible applications in quantum information processing [25, 26, 27, 28] .
In the present paper we analyze the approach to equilibrium of a system qudit interacting with a very large ensemble of qudits. The interaction is modeled by a sequence of two-qudit random collisions. The paper is structured as follows: in the following section we review the random collision model and we specialize it to the case of collisions described by random unitary operators. We then characterize the approach to equilibrium by analytically calculating the purity of the system steady state and the rate of approach to such state for the specific case of colliding qubits. Such analytical analysis is then generalized to a system qudit of dimension µ colliding with an ensemble of qudits of size ν. We then proceed with a numerical analysis of the entanglement dynamics for colliding qubits
II. THE RANDOM COLLISION MODEL AND THE RELAXATION TO EQUILIBRIUM
In the random collisions model of irreversible dynamics a system qudit interacts with an environment consisting of N qudits. Such interaction is modeled by pairwise collisions between the system qudit an a single environment qudit. Each collision is described by a random unitary operator. The environment, i.e. N , is assumed to be so large that the system never collides twice with the same environment qudit. In pictorial terms one can think of a single qudit colliding in sequence with the individual qudits of a long chain. The overall state of the system and environment, after t collisions, is
where U 0j is a random unitary operator acting on the pair of qudits 0, j; 0 labels the system qudit and j = 1, · · · , N labels the environment qudits. Let us assume that the system and environment are in an initial tensor product state
Since the collision operators are random unitaries, the specific states η i are irrelevant and we can assume, without loss of generality that all the environment qudits are in the same initial state η.
In order to characterize the relaxation process we first consider the decay of the system purity after t collisions. We remind the reader that, given a density operator ̺, its purity is defined as P = Tr ̺ 2 . The purity is a decreasing function of the degree of statistical mixture of ̺ and, for a qudit of dimension µ takes values in the range 1 µ ≤ P ≤ 1, where P = 1 corresponds to pure states and P = 1 µ to the completely unpolarized mixed state. Since we are focussing our attention to the purity of the system, our model is equivalent to a system qudit colliding with a single environment qudit whose state is refreshed to its initial state η after each collision. We will show that, after averaging over random unitary collisions, P(t) can be analytically calculated.
A. Colliding qubits
Let us first consider the case in which both system and environment consist of qubits. The density operator of the system and environment qubits can be written as
where σ α0 0 (σ αE E ) denotes a Pauli matrix acting on the system (environment) qubit, with α i ∈ {0, x, y, z} and σ 0 = I. The purity of the overall system and environment after t collisions then reads
and the system's purity is given by
Note that P SE is invariant under unitary evolution, i.e., the overall system-environment purity is the same before and after each collision (of course before the state of the environment qubit is refreshed). The constraints
lead do
It has been shown [21] that when two qubit collide with a sequence of random U (4) unitaries the ensemble averaged coefficients c 2 (t) evolve according to a Markov chain as 
The equilibrium state then reads
where
Finally, we obtain
For pure system-environment states (P SE = 1) we recover Lubkin's results [29] ,
It is important to note that such (ensemble averaged) equilibrium state is reached after a single random collision. In other words, as it should be, the state of the system and of the first environment qubit after a single collision is a two-qubit random state. We now consider the case in which the state of the environment qubit is refreshed after each collision. After t collision Eq. (13) becomes
Note however that P SE changes when the environment qubit is reset to its initial state η. Just before the t-th collision we have
where P η is the purity of the unperturbed environment qubit state η.
We now solve the equation
The equilibrium value
is obtained as the solution to the equation
If we define ξ(t) = P(t) − P(∞), we obtain
Note that P(∞) as well as the decay rate to equilibrium depend on P η : the lowest the purity of the environment qubits the fastest is the approach to equilibrium and the lowest the equilibrium value of the system purity. Although this has some analogies with the relaxation to thermal equilibrium it is worth stressing that the two processes have some important differences. In particular note that, contrary to the case of thermalization, P(∞) = P η . Furthermore also the dependence on P η of the decay rate is not the one expected for the relaxation to equilibrium. This is not surprising as collisions modeled by random collisions are not elastic. Indeed it has been shown in [1] that the only operator guaranteeing thermalization (and in general homogenization [2] ) is the partial swap. When the chain qubits are initially in a pure state, we have
and equation (20) becomes
where λ = ln(5/2) = 0.916... is the rate of approach to equilibrium. Starting from a pure state we obtain P(1) = 4/5, P(2) = 54/75 = 0.72, P(3) = 258/375 ≈ 0.688, ..., in agreement with our numerical data, as shown in Fig. 1 . 
B. Colliding qudits
The above Markov chain technique can be generalized to analyze the more general case in which a system qudit of dimension µ collides with a large number of environment qudits of dimension ν. In this case systemenvironment interactions are modeled by random unitaries drawn from the U (L)-invariant Haar measure in the overall Hilbert space of size L = µν. The steps of the analysis previously carried on for qubits can be straightforwardly followed to obtain the equilibrium value and the decay rate of the purity of colliding qudits. We use again representation (2) , where the σ's are now generalized Pauli matrices [30, 31] . The purity of the overall system then reads
The constraints
lead do c 00 (t) = 1 µν ,
Also in this case the vector
evolves in time according to a Markov chain like in Eq. (7). We extend Znidarič's conjecture [21] about the form of the Markov matrix by assuming again that M leaves c 2 00 unchanged while it mixes uniformly all other components. M must therefore be a (µν) × (µν) matrix of the form
The two-dimenisonal eigenspace corresponding to the unit eigenvalue of M is spanned by the vector basis
, 1). (29)
Following the same steps that lead to Eq. (12) we obtain that the equilibrium state is
.
(30) The system purity of such state is
If the initial system-environment state is pure (P SE = 1) we recover Lubkin's result [29] :
This means again that after a single collision the state of the system and of the first colliding qudit is a random state in the Hilbert space of dimension µ ⊗ ν If the environment is refreshed after each collision, we have
(33) This equation has steady state
Therefore,
with λ = − ln α. In Fig. 2 , P(∞) for µ = 4, ν = 2 is plotted.
C. Purity statistics
Eq. (34) suggests that the average system purity is the same one would obtain from a partition of a random state of a Hilbert space of dimension µ(µν), i.e. Eq. (34) coincides with Lubkin's result if we assume that the system qubit has interacted with an environment of effective size ν e = µν. To support this conjecture we have plotted in Fig 3 the numerically generated histograms of the statistical distributions of P(t) for the first 6 collisions for the case of colliding qubits. Indeed, as shown in Fig. 4 , after just six collisions the histogram practically coincides with the purity distribution of a system qubit colliding with a single qudit of dimension 4. An intuitive explanation of such behavior can be given in simple terms. After the first collision between system and environment qudits the system becomes mixed -even if originally it was in a pure state. Following a standard mathematical procedure however its state can be purified by introducing a fictitious qudit of dimension µ entangled with the system qudit. Therefore the whole process can be seen as a sequence of collisions among three quditsthe third one being the fictitious purification qudit -in an overall pure state. There is evidence [6] that in this case the overall system will evolve into a pure random sate in a Hilbert space of dimension µ 2 ν. This explains the purity statistics of the system qudit.
We have further numerical evidence to support the above analysis: in [34] Scott and Caves reported an analytical expression of the average variance of the system purity distribution for a random interaction between a system of µ degrees of freedom and an environment of ν degrees of freedom. Such variance turns out to be
In our case instead the variance of the system purity distribution turns out to be well described by the above formula if we make the substitution ν → ν e = νµ i.e.
e − 1) (µν e + 3)(µν e + 2)(µν e + 1) 2 ,
In the following Table I we report the standard deviations for different values of µ and ν. In the second column we report the value of the Scott & Caves modified standard deviations of Eq. ( 39) while in the third column we report the corresponding numerically computed standard deviation values. Indeed a very good agreement between the two set of values is clearly seen. 
III. ENTANGLEMENT DYNAMICS
To further characterize the approach to equilibrium, in this section we illustrate some aspects of the entanglement dynamics for qubits, i.e. µ = ν = 2. Since the overall state of the system and chain remains pure, the entanglement dyanamics is conveniently characterized in terms of the so-called tangles [32, 33] . We remind the reader that, given the density operator ρ ij of a bipartite system of two qubits, the tangle τ i|j is defined as
where {α k } (k = 1, .., 4) are the square roots of the eigenvalues (in non-increasing order) of the non-Hermitian op-
, σ y is the y-Pauli operator and ρ * ij is the complex conjugate of ρ ij , in the eigenbasis of the σ z ⊗ σ z operator. The concurrence C is defined simply as C ij = √ τ i|j . The tangle τ i|j , or
equivalently the concurrence C ij can be used to quantify the entanglement between the pair of qubits i, j for an arbitrary reduced density operator ρ ij . In our case the overall state of the system and the chain is pure. Therefore, the amount of entanglement between qubit i and all the remaining qubits can be quantified by the tangle τ i|rest = 4 det ρ i . After t collisions, the tangle τ 0|chain (t) between the system qubit and the chain conveys the same information as the purity P(t). Indeed, it is easy to show that
The purely multipartite entanglement τ M established between the system qubit and the qubits of the chain can be quantified as
i.e. as the amount of entanglement which cannot be ascribed to purely bipartite entanglement between the system qubit and each individual environment qubit. Due to the complexity of the analytical expressions of the tangles, we resort to numerical simulations. Note that, in order to evaluate the tangle τ 0|chain we have to numerically find the pairwise tangle between the system qubit and each qubit of the chain. This implies that we have to retain the overall system-chain density matrix; i.e. in contrast to the computation of the system purity P, we cannot trace over the chain after each collision. In other words, as far as the entanglement dynamics is concerned, the qubit-chain model is not equivalent to a model in which the system qubit collides with a single environment qubit whose state is refreshed after each collision. The pairwise tangles τ 0|j are shown in Fig. 5 , as a function of the number of collisions. A non-zero tangle τ 0|t ′ between the system qubit ant the t ′ -th qubit of the chain is generated immediately after the t ′ -th collision and then quickly decays for t > t ′ . The dependence of τ 0|t (t) on the number t of collisions if fitted satisfactorily by the exponential curve τ 0|t (t) = 0.166 + 0.512 exp(−0.921t), suggesting the asymptotic value τ 0|∞ (∞) = 0.166 for the paiwise tangle generated between the system qubit and a qubit of the chain immediately after their collision. Our numerical data shown in Fig. 5 also suggest that the weight of the terms τ 0|j (t) with j = t can be neglected with respect to τ 0|t (t). Under this approximation and using Eqs. (42) and (41) we can estimate the asymptotic multipartite entanglement established between the system qubit and the qubits of the chain as
This expectation is confirmed by the numerical data shown in Fig. 6 : the convergence of τ M (t) to its asymptotic value τ M (∞) is well fitted by the exponential decay τ M (t) − τ M (∞) = −1.491 exp(−0.849t), with the fitting parameter τ M (∞) = 0.472 ≈ 
IV. CONCLUSIONS
We have investigates the dynamics of a system qudit of dimension µ sequentially interacting with the qudits, of dimension ν, of a chain. Each pairwise collision is modeled as a random transformation drawn from the Haar measure on U (µν). The relaxation to equilibrium, in terms of ensemble average over random collisions, in analytically investigated by means of a Markov chain approach. We have shown that the steady state is the one corresponding to the steady state for random collisions with a single environment qudit of effective dimension ν e = νµ. Furthermore, in contrast to the case of the homogeneization process induced by purely elastic partial swap collisions [3] , random unitary collisions can generate multipartite entanglement.
